A kinetic formalism based on the Vlasov-Maxwell equations is used to investigate properties of the sideband instability for a tenuous, relativistic electron beam propagating through a constant-amplitude helical wiggler magnetic field (wavelength x0 = 2Tr/k 0 , and normalized amplitude aw = w /mc 2 ko). The analysis is carried out for perturbations about an equilibrium BGK state in which the distribution of beam electrons G s(y') and the wiggler magnetic field coexist in quasi-steady equilibrium with a finite-amplitude, circularly polarized, primary 
I. INTRODUCTION AND SUMMARY
Free electron lasers, 1-4 as evidenced by the growing experimental 5 -19 and theoretical 20-52 literature on this subject, can be effective sources for the generation of coherent radiation generation by intense electron beams. Recent experimental investigations 1 [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] have been very successful over a wide range of beam energy and current ranging from experiments at low energy (150-250 keV) and low current (5 A-45 A), 19 to moderate energy (3.4 MeV) and high current (0.5 kA), 17 , 18 to high energy (20 MeV) and low current (40 A). 15 , 16 Theoretical studies have included investigations of nonlinear effects 20 -3 2 and saturation mechanisms, the influence of finite geometry on linear stability properties, 33-38 novel magnetic field geometries for radiation generation 38 - 43 and fundamental studies of stability behavior. [44] [45] [46] [47] [48] [49] [50] [51] [52] In a recent calculation, 32 a self-consistent kinetic formalism has been developed to describe the sideband instability 24 within the framework of the Vlasov-Maxwell equations for a relativistic electron beam propagating through a helical wiggler magnetic field. Unlike previous studies of the sideband instability, the analysis32 is carried out for perturbations about an equilibrium Bernstein-Greene-Kruskal (BGK) state 29in which the beam electrons, the wiggler magnetic field, and a finite-amplitude primary electromagnetic wave ( s,ks) coexist in quasi-steady equilibrium.
In the present analysis, we make use of the general kinetic formalism 
Here, 6w = w-"c and 6k = k-kc, where c +vp/c)(vp/c)k 0 and c=ckc are the upshifted wavenumber and frequency. Moreover, the small parameter In this case, it is found 32 that the role of the lower and the upper sidebands is reversed, and the upper sideband exhibits instability for perturbations with left-circular polarization.
II. KINETIC DISPERSION RELATION
The present analysis assumes a relativistic electron beam with uniform cross section propagating in the z-direction through the constant-amplitude helical wiggler magnetic field B (x) x A (x) with vector potential
Aw(x) = -(coskozae + sink 0 zey) .
Here, X0 = 2w/k 0 = const. is the wavelength, and Bw = const. is the amplitude of the wiggler magnetic field. It is assumed that the electron beam is sufficiently tenuous that the Compton-regime approximation is valid with negligibly small longitudinal fields (60 ~ 0). Moreover, the beam density and current are assumed to be sufficiently small that the influence of equilibrium self-electric and self-magnetic fields on the particle trajectories and stability behavior can be neglected. That is, the present analysis neglects the effects of the self-electric field and the selfmagnetic field associated with the equilibrium space charge and axial current, respectively, of the electron beam. For purposes of investigating the sideband instability, it is also assumed that perturbations are about a circularly polarized, constant-amplitude, monochromatic, electromagnetic wave ( s,ks) with vector potential and electric and magnetic fields given by
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Here, Bs = const. is the magnetic-field amplitude of the electromagnetic wave. The electromagnetic wave described by Eqs. (2) and ( 
where b = const. is the density, and P -p -(e/c)a (z) -(e/c)A xs(z,t)
-(e/c)6A (z,t) and Py = py -(e/c)A (z) is an exact constant of the motion. Therefore, in ponderomotive frame variables, the corresponding distribution function fb = nb6(Px)6(P')Gs(y') is an exact equilibrium solution 29 , 32 to the fully nonlinear Vlasov equation.
To summarize briefly, the linearized Vlasov-Maxwell equations are transformed to the ponderomotive frame, where it is found that the linearized equations for the perturbed distribution function 6G(z',p',t') and the normalized vector potential 6Ai(z',t') = (e/mc 2 )exp(+ik 0 z')[6A (z,t') ± iA y(z',t')] assume particularly simple forms. In the ponderomotive frame ("primed" variables), the linearized Vlasov-Maxwell equations are combined to give the eigenvalue equation 32 1,2 a 2 c 2 2 2ik 2(
for the potential amplitude 5A (z') and the complex oscillation frequency
Here, an FEL oscillator is assumed, with Imw' > 0 corresponding to temporal growth. Moreover, G s(y') is the equilibrium distribution function in the ponderomotive frame, 2p= 4b2/ t n plasma frequency-squared, and al(k'Z') and a3(k'z') are coefficients of order unity. An important feature of the eigenvalue equation (6) is that the electron orbit z"(t"), which occurs in the orbit integral on the right-hand side of Eq.(6), can be calculated in closed analytical form in the ponderomotive frame from
for both the trapped and untrapped electrons. In Eq. (7), y'mc = const.
is the electron energy in the ponderomotive frame, and a 2 (z") is defined by a 2 (z") = a 2 + a 2 -2a a cosk z". Equation (7) is to be solved for w s w s p z"(t") subject to the boundary conditions z"(t"=t') = z' and p"(t"=t') = p'.
A Fourier decomposition of the z'-dependence of the eigenvalue equation (6) leads to a matrix dispersion equation relating the Fourier components of the perturbed vector potential. In the diagonal approximation, we neglect the coupling of wave component k' to k'±sk' (s=1,2...).
For electromagnetic perturbations with nearly right-circular polarization, we obtain the diagonal dispersion relation 32
where DT(k',w') is defined by
and a0 is a constant coefficient of order unity. In the dispersion relation (8), using techniques similar to those developed by Goldman 53 , 54 for electrostatic trapped-particle instabilities in nonrelativistic plasma, the trapped-electron susceptibility X (k',w') can be expressed in the classic form of a sum over oscillators 32 
Here, the coefficient aT (z',y') is defined by
is the bounce frequency of a trapped electron with energy y'mc 2 , TB(Y') = 2w/wB(y') is the bounce period, F(n,KT) is the elliptic integral of the first kind, 
In Eqs. (10) and (13), assuming aw > 0 and a > 0 without loss of generality, the quantities j' and 9' are defined by 4 = [1+ (awaS)2 1, corresponding to the maximum (9') and minimum (9') allowable energy of an electron trapped in the ponderomotive potential (Fig. 1) . In a similar manner, the untrapped-electron susceptibility Xu(k',w') occurring in the dispersion relation (8) can be expressed as32
where
and the coefficient au(z',y') is defined by
In Eqs. (15) and (16), a'(y')c is the axial velocity of an untrapped electron, Tu (y') is defined by T u (y') = 2ff/k''(y')c, G>(y') is the distribution of forwarding-moving (p' > 0) untrapped electrons, and G<(y') is the distribution of backward-moving (p' < 0) untrapped electrons in the ponderomotive frame.
The dispersion relation (8), together with the definitions of DT(k',w'), XT(k', ') and Xu(k',w') in Eqs. (9), (10) and (14), respectively, can be used to investigate detailed FEL stability properties over a wide range of system parameters. In this regard, the expressions for the trapped-and untrapped-electron susceptibilities in Eqs. (10) and (14) Note that Eqs. (10) and (14) are rich in harmonic content, with resonant behavior in the integrands occurring for w' 2~ n 2 (y') for the trapped electrons, and for w' ~ (k'+nk')'(y')c for the untrapped electrons.
pu
It is important to comment on a notational point. In obtaining the eigenvalue equation ( After some tedious algebraic manipulation that makes use of Eqs. (11) and (12) and the axial orbit 
where Jn(x) is the Bessel function of the first kind of order n. Here, the turning points ±zT(y') are determined from k' 2 z 2 (,) = W2_ 2 )/a waS which follows from Eq.(13) for k' 2 z' 2 /4 << 1. Therefore, making use of Eqs. (19) and (21), the trapped-electron susceptibility can be expressed Therefore, for present purposes, we consider the case where the trapped electrons are uniformly distributed in y' from y' = 9' to y' = 9 ( Fig. 2), i.e, 2 = const., 9' < y'< ,
Gy

Y, > 9
Here, the normalization constant is chosen to be consistent with Eq.(23).
Moreover, j r exceeds j' by only a small amount so that the trapped-electron 
where 
where Eb is defined by
Here, the dimensionless parameter eb << 
using the small-argument expansion J (x) ~ (n!)~1(x/2)n, it follows from Eq.(29) that the factor n 2 ,1 2 C (k,w) occurring in the dispersion B n relation (28) can be approximated by
Bn 2 In dimensionless variables, Eq. (44) is a cubic equation which determines the complex oscillation frequency 6% in terms of the wavenumber 6K. Note that the dimensionless parameter SB = (SB/ckO)/rO is the ratio of two small parameters, OB/cko and r 0 . Therefore, -0 B can cover the range from QB << I (weak-pump regime) to B >> 1 (strong-pump regime).
C. Analysis of Dispersion Relation
A detailed investigation of the dispersion relation (44) that the full bandwidth of the instability is 2(6KA). From Eqs. (43), (47) and ( given by Ps/As = C(s/cks)$2 /4f. For w ~e cks, the quantity P/As can also be expressed as 
